Introduction
The notion of Lie conformal algebra, introduced by Kac [13] , encodes the singular parts of the operator product expansion in conformal field theory. Conformal modules are basic tools for the construction of free field realization of infinite dimensional Lie (super)algebras in conformal field theory. In the language of the λ-bracket, a Lie conformal algebra R is a C In recent years, the structure and representation theory of Lie conformal algebras have been extensively studied. Finite simple Lie conformal algebras were classified in [7] and their cohomology theory and representation theory were further developed in [2, 6] . The simplest but rather important finite Lie conformal algebra is the Virasoro conformal algebra, whose irreducible conformal modules were classified in [6] . More recently, some finite Lie conformal algebras related to the Virasoro conformal algebra have been constructed and studied, such as Schrödinger-Virasoro type Lie conformal algebras [11, 16, 18] and W (a, b)
Lie conformal algebras [20] . Infinite rank Lie conformal algebras are also important ingredients of Lie conformal algebras, and have also attracted many authors' attention, such as general Lie conformal algebras [3, 4, 15, 17] , and some loop Lie conformal algebras [5, 8, 9, 19] .
Motivated by the structure of certain modules over the loop Virasoro Lie conformal algebra [19] and the Lie structures of Schrödinger-Virasoro algebras [10, 14] , in this paper, we construct a class of infinite rank Lie conformal algebras CSV (a, b), where a, b ∈ C. In view of our construction (see Section 2 for details), we call these conformal algebras infinite rank Schrödinger-Virasoro type Lie conformal algebras. Note that the special case CSV (1, 0) is exactly the loop Schrödinger-Virasoro Lie conformal algebra recently studied in [5] . In addition, CSV (a, b) contains many important conformal subalgebras. For example,
is in fact the loop Virasoro Lie conformal algebra introduced in [19] .
is an infinite rank conformal subalgebra, which we call an infinite rank Heisenberg-Virasoro type Lie conformal algebra. The special case CHV (a, 0) is in fact the loop Lie conformal algebra R(1 − a) studied in [9] , and the more special case CHV (1, 0) is exactly the loop Heisenberg-Virasoro Lie conformal algebra firstly constructed in [8] .
•
Y 0 is a finite Schrödinger-Virasoro type conformal subalgebra, which was studied in [11] . The special cases SV (1, 0) and SV (−2, 0) were firstly considered in [16] and [18] , respectively. Furthermore, SV (a, b) contains a Virasoro conformal subalgebra CVir = C[∂]L 0 , and a finite Heisenberg-Virasoro type conformal subalgebra
The special case HV (a, 0) was studied in [20] , and the more special case HV (1, 0) is exactly the Heisenberg-Virasoro conformal algebra introduced in [16] .
Due to the above facts, it seems to be interesting for us to study the structure and representation theory of the parent algebra CSV (a, b) in a uniform way. This is the main motivation of this paper.
We will study the conformal derivations, rank one conformal modules and Z-graded free intermediate series modules for CSV (a, b) and its conformal subalgebra CHV (a, b) for all a, b ∈ C. Comparing our results with those for CW in [19] , we find some nontrivial conclusions (see Table 1 and Table 2) .
Values of a, b Reference Non-inner conformal derivations a = 1 Theorem 3.2 Nontrivial extentions from CW -modules a = b = 0 Theorems 4.1 and 5.1 This paper is arranged as follows. In Section 2, we give the detail construction of the Lie conformal algebra CSV (a, b). Then, in Section 3, we uniformly determine the conformal derivations of CSV (a, b).
Next, in Sections 4 and 5, we classify the rank one conformal modules and Z-graded free intermediate series modules over CSV (a, b), respectively. Finally, we present the corresponding results of the conformal
2 Lie conformal algebras CSV (a, b)
All definitions related to Lie conformal algebras used in this paper are collected from [7, 12, 13] . In this section, we give the construction of the Lie conformal algebra CSV (a, b) for a, b ∈ C. First, let us recall some definitions on conformal modules.
The start point of our construction is the loop Virasoro Lie conformal algebra CW = ⊕ i∈Z C[∂]L i with λ-brackets (1.1). According to [19] , one class of Z-graded free intermediate series modules over CW is V a,b , a, b ∈ C, which has C[∂]-basis {v j | j ∈ Z} and the λ-actions are given by
The original Schrödinger-Virasoro algebra sv = span C {L m , M n , Y p | m, n ∈ Z, p ∈ 1 2 + Z} was introduced by Henkel in [10] in the context of nonequilibrium statistical physics, while the twisted Schrödinger-Virasoro algebra tsv = span C {L m , M n , Y p | m, n ∈ Z, p ∈ Z} was introduced by Roger and Unterberger in [14] . The Lie algebras sv and tsv have the same Lie structures, which are given by (others vanishing)
Note that Vir = span C {L m | m ∈ Z} is a Virasoro subalgebra of sv (resp. tsv). The formulas (2.3) and (2.4) say that the spaces spanned respectively by M n and Y p are modules over Vir. For a, a
motivated by (2.1) and (2.2)-(2.5), it is nature to define a free
and satisfies the following nonvanishing λ-brackets: Proof.
is a Lie conformal algebra. By the Jacobi identity, we have
A direct computation shows that
Comparing the coefficients of ∂λ and ∂, one can deduce that a ′ = a 2 + 1 and
is indeed a Lie conformal algebra (we leave the verification details to the reader). (2) Note that the Lie subalgebra with C-basis {L m , M n | m, n ∈ Z} of sv (or tsv) is in fact the twisted Heisenberg-Virasoro algebra introduced by Arbarello et al. in [1] . Naturally, we call the Lie conformal subalgebra with
an infinite rank Heisenberg-Virasoro type Lie conformal algebra, and denote it by CHV (a, b).
We often write D instead of D λ for simplicity. By the Jacobi identity, for any a ∈ R, the map ad a , defined
is a conformal derivation of R. All derivations of this kind are called inner.
Denote by CDer (CSV (a, b)) and CInn (CSV (a, b)) the vector spaces of all conformal derivations and inner conformal derivations of CSV (a, b), respectively. From [19] , all conformal derivations of the loop Virasoro Lie conformal algebra CW are inner. We focus our interest on whether there are non-inner conformal derivations of CSV (a, b). Let us consider CSV (1, b). Denote
and a c = 0 for all but finitely many c's}.
For simplicity, we still use C ∞ to stand for the space of such conformal derivations. We will show that there are no other non-inner conformal derivations of CSV (a, b) except non-zero D a 's defined in (3.1).
First, we prove the following lemma. For c ∈ Z, denote by (CDer (CSV (a, b)) c the space of conformal derivations of degree c, i.e.,
and a = (. . . , 0, . . . , 0, q, 0, . . . , 0, . . .) ∈ C ∞ , where q ∈ C appears in the c-th position.
Proof. Fix c ∈ Z. Take D c ∈ (CDer (CSV (a, b))) c . We only need to show that D c minus some suitable derivations (inner derivations or D a ) equal to zero derivation. Assume that
)L i and equating coefficients, we obtain
In particular, putting µ = 0, we have
We divide the remaining proof into the following three cases.
In this case, (3.3) and (3.4) become
and q ∈ C. For this q, we define
where q appears in the c-th position. By (3.1),
and equating coefficients, we obtain
Putting µ = 0 in the above equalities, one can easily deduce that
Case 2: a = 0.
As in Case 1, by (3.7) and (3.8), we can set g 2 (λ) =
2 )Y i and equating coefficients, we obtain
Putting µ = 0 in the above equalities, one can deduce that
Therefore, D 
Now, we can give the proof of Theorem 3.2.
Proof of Theorem 3.2. For D ∈ CDer (CSV (a, b) ) and i ∈ Z, define D i by
Here, in general, π i denotes the natural projection from 
and a = (. . . , 0, . . . , 0, q c , 0, . . . , 0, . . .) ∈ C ∞ with q c ∈ C appearing in the c-th
It is not difficult to see that D 
Rank one conformal modules over CSV (a, b)
In this section, we aim to classify the free conformal modules of rank one over CSV (a, b) for all a, b ∈ C.
Let us first construct some free conformal modules of rank one over CSV (a, b) for a, b ∈ C. Recall that [19] a free conformal module of rank one over the loop Virasoro Lie conformal algebra
is isomorphic to M α,β,c for some α, β, c ∈ C, where M α,β,c = C[∂]v and the λ-actions are given by 
We only need to determine the coefficients
First, regarding M as a conformal module over CW , by [19] , we know that f i (∂, λ) must be of the following form:
where α, β, c ∈ C. By Definition 2.1, we have
from which we can get respectively
By comparing the coefficients of λ in (4.5), we see that g i (∂, λ) is independent of the variable ∂, and so we can denote g i (λ) = g i (∂, λ) for i ∈ Z. Then, by (4.6), we see that h i (∂, λ) is also independent of the variable ∂, and so we can denote h i (λ) = h i (∂, λ) for i ∈ Z. Furthermore, by (4.7), we must have
At last, let us further determine the coefficients
If a = 0 or b = 0, putting µ = 0 in (4.9), one can easily deduce that h i (∂, λ) = h i (λ) = 0. This, together with (4.4) and (4.8), implies that the conclusion (1) is true.
If a = b = 0, putting i = 0 in (4.9), one can deduce that h j (λ+µ) = h j (µ). Hence, h i (λ) is independent of the variable λ, and so we can denote h i = h i (λ) for i ∈ Z. Then, putting j = 0 in (4.9) with a = b = 0 and µ = 1, we obtain 
Denote by {0, 1} ∞ the set of sequences A = {a i } i∈Z with a i ∈ {0, 1} for any i ∈ Z. The second class of such modules is
and the λ-actions are given by 
Let V be a nontrivial Z-graded free intermediate series module over CSV (a, b) .
For i, j, k, m ∈ Z, we assume that
where
are called the structure coefficients of V related to the
To prove Theorem 5.1, we only need to specify these structure coefficients of V .
Lemma 5.2 The structure coefficients of V satisfy the following relations:
Proof. By Definition 2.1, we have
and
Then the relation (5.5) follows from (1.2). Similarly, the relations (5.6)-(5.9) can be deduced from (1.3),
Lemma 5.3 Suppose V ∼ = V α,β as CW -modules for some α, β ∈ C.
(
Proof. First, by [19] , we have f i,m (∂, λ) = ∂ + αλ + β. As in the proof of Theorem 4.1, from (5.9) with i = j = 0, we see that g 0,m (∂, λ) is independent of the variable ∂. Thus, we can denote g 0,m (λ) = g 0,m (∂, λ).
Taking i = j = 0 in (5.5), we obtain
We divide the remaining proof into the following four cases. 
As in Case 2, by equating the coefficients of µ n for n = 0, 1 in (5.14), one can deduce that there exists some e ∈ C such that g i,m (∂, λ) = e. We claim that e = 0. In fact, if this is not true, by (5.8) we see Similar to the above lemma, we can also prove the following lemma.
6 Results of Lie conformal algebras CHV (a, b)
In this section, we present the results of the infinite rank Heisenberg-Virasoro type Lie conformal algebra 
